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1.0 EXECUTIVE SUMMARY

Fracture mechanics methodologies for flaw stability analysis for Type I and II waste
tanks were compared in terms of the maximum stable through-wall flaw sizes or
“instability lengths.”  The comparison was made at a full range of remote stress loading
states (σappl) at a specific set of mechanical properties of A285 steel and with the Type I
and II tank configurations.  The two general methodologies, the J-integral-tearing
modulus (J-T) and the failure assessment diagram (FAD), and their specific estimation
schemes were evaluated.  The results of the comparison are shown in the tables below.

Table 1.  Calculated Instability Crack Lengths for Type I Tanks

Type I Tank Instability Crack Lengths (inches)
Jcrit=JIC Jcrit=J3mm

σappl J-T
CCP
R-O

J-T
FEA
R-O

J-T
FEA
σ-ε

FAD
API

FAD
σ-ε

FAD
R-O

J-T
CCP
R-O

J-T
FEA
R-O

J-T
FEA
σ-ε

FAD
API

FAD
σ-ε

FAD
R-O

6 ksi 74.0 67.0 71.0 66.4 68.0 61.8 118.0 110. 114. 104. 110. 96.0
12 ksi 39.7 32.8 38.0 33.0 35.0 29.0 64.2 47.5 56.8 49.6 55.0 43.2
18 ksi 23.1 19.0 24.8 20.2 22.0 17.0 40.0 30.1 36.9 29.4 32.0 25.8
24 ksi 11.4 10.0 16.7 12.8 15.0 10.2 23.8 19.1 24.4 18.8 18.6 16.8
30 ksi 4.6 4.6 10.0 7.4 8.8 5.8 12.4 10.8 16.3 11.8 8.6 10.8
36 ksi 1.8 4.0 7.4 3.6 2.2 3.0 5.6 6.4 6.7 6.6 5.8 6.8

Table 2. Calculated Instability Crack Lengths for Type II Tanks

Type II Tank Instability Crack Lengths (inches)
Jcrit=JIC Jcrit=J3mm

σappl J-T
CCP
R-O

FAD:
API

FAD:
σ-ε

FAD:
R-O

J-T
CCP
R-O

FAD:
API

FAD:
σ-ε

FAD:
R-O

6 ksi 82.4 73.2 74.9 68.8 131.7 118.2 124.1 109.2
12 ksi 43.9 36.6 39.2 32.4 71.3 56.0 61.8 48.6
18 ksi 25.0 22.6 24.9 18.8 44.1 33.6 39.9 29.0
24 ksi 11.8 14.0 16.9 11.0 25.7 21.4 22.5 18.6
30 ksi 4.6 8.0 10 6.2 12.9 13.4 11.0 12.0
36ksi 1.8 3.8 2.4 3.2 5.7 7.4 6.2 3.6

The notations used in the above tables are
J-T CCP R-O: a J-T fracture methodology using the center-cracked panel (CCP) J-

integral solution with a curvature correction and Ramberg-Osgood stress-strain
curve idealization.

J-T FEA R-O: a J-T fracture methodology with the J-integral obtained by finite
element analysis and using the Ramberg-Osgood stress-strain curve idealization.

J-T FEA σ-ε: a J-T fracture methodology with J-integral obtained by finite element
analysis and using the actual stress-strain curve of the material.
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FAD API: the general FAD approach recommended by the American Petroleum
Institute.

FAD σ-ε: a material-specific FAD using the actual stress-strain curve of the material.
FAD R-O: a material-specific FAD using the Ramberg-Osgood stress-strain curve

idealization.

The fracture criterion for the A285 steel is given by

Japplied ≥ Jmaterial cut-off  (or Jcrit),

That is, when the applied total J-integral value (Japplied), a function of flaw size and stress
state, exceeds a cut-off value in the material J (Jmaterial cut-off or Jcrit) determined in
mechanical property testing, the flaw will become unstable.§ The Japplied may be
calculated exactly using the finite element analysis to provide a “best estimate” of J.  This
was done for the Type I waste tank (results in column J-T FEA σ-ε in Table 1) to validate
the methodologies that use an estimation scheme for Japplied.  The FAD approach does not
provide Japplied directly.  However, the FAD curve provides the assessment locus to
evaluate flaw stability and the FAD results can be directly compared to those from the J-
integral analysis.

The results of the calculated instability lengths show that the J-T methodology that uses
an estimated Japplied (see J-T CCP R-O column in Table 1), and the material-specific FAD
(see FAD σ-ε column), most closely approximate Japplied calculated using finite element
analysis (see J-T FEA σ-ε column) for the range of stress conditions that bound those
expected at the highest fill levels in the waste tanks (< 18 ksi).  The results from the other
FAD methods show instability lengths less than the J-T results over this range.
Additional conclusions are listed in Section 8 of this report.

                                                
§ Material testing and analysis show that at the conditions of the Type I and Type II tanks, stable ductile
tearing precedes instability.  Based on this fundamental materials behavior and that the mechanical test
specimen design provides for valid J up to several mm, the material J-value at 3 mm of stable crack
extension, J3mm, has been selected as the material cut-off for A285 steel.
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2.0  INTRODUCTION

The analysis to determine flaw stability requires inputs of material properties and stress
conditions to a fracture mechanics methodology.  Activities in the Life Management
Program for the Type I and II high level waste tanks cover the development of these
inputs at tank-specific conditions.  The present report provides a comprehensive review
of fracture mechanics methods that are appropriate for the Type I and II tanks.  A
comparison of these methods at a range of stress conditions at a specific set of
mechanical property conditions for A285 steel is made in order to identify those fracture
methods that provide for the maximum flaw stability lengths.

The DOE Order 435.1 [1,2,3] specifies the guidelines for waste tank structural integrity
programs contained in the report BNL-52527 [4] that was prepared by a DOE-ER
commissioned expert panel, the Tank Structural Integrity Panel (TSIP).  The SRS tanks
are operated at temperatures above 70°F to avoid the potential for brittle fracture [5].  The
TSIP recognized that the carbon steel tanks are ductile under these conditions and stated
that the material would experience stable crack extension prior to failure and that failure
would occur by tearing of the metal [4].  Stable crack extension requires an increasing
load (stress) to increase the length of the crack.  Critical crack dimensions may be
determined by elastic-plastic fracture mechanics (EPFM) or the limit load approach [4].
Two elastic-plastic fracture mechanics methods were recommended by the TSIP for
determining the critical crack size [4]:

• J-Integral Analysis
• Failure Assessment Diagram.

Fill limits for the SRS high-level waste tanks were previously developed based on a limit
load methodology [6] to avoid crack instability leading to a large rupture.  This report
reviews the J-Integral and FAD fracture methodologies to evaluate flaw stability for a
postulated through-wall axial crack in the Type I and II waste tanks.

This report provides the following:

• Description of the two general methodologies and the details of the various types of
estimation and assessment methods within these two categories

• Calculations of flaw instability lengths in Type I and II tanks over the range of  stress
conditions

• Comparison of the results
• Validation of the results through finite element analysis to exactly calculate the J-

integral with the input of a stress-strain curve for a specific A285 steel.

A comparison of the J-integral-tearing modulus (J-T) and several failure assessment
diagrams (FAD) recommended in the API-579 (American Petroleum Institute Fitness-
for-Service, first edition, January 2000) [7] Level 3 analysis has been performed.  The
API assessments include (1) Method A: General FAD based on the CEGB (Central
Electric Generating Board, U.K.) R6 (Assessment of the Integrity of Structures
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Containing Defects [8]) Option 1; (2) Method B: Material-specific FAD which is the
CEGB R-6 Option 2 using the actual stress-strain curve of the material [9]; (3) Method C:
J-based FAD utilizing the finite element fracture mechanics calculations (CEGB R-6
Option 3); and (4) Method D: Ductile tearing FAD with assessment points evaluated with
an actual fracture resistance (J-R) curve [10].  The geometry of a through-wall axial flaw
in the waste tank is used as a benchmark to illustrate the various fracture methodologies.
Only a hoop stress loading is considered and no factors of safety are applied.

The finite element method was performed to validate the J estimation method that is
based on a center-cracked panel (CCP) solution [11] with a curvature correction for the
tank geometry [12-14].  The finite element result was also used to construct a failure
assessment diagram following API 579 Level 3 Method C [7].  The instability crack
lengths derived from these approaches were compared.  The comparison is made within a
range of fracture energies (e.g., JIC and J3mm) and applied stresses to ensure equivalency
and to justify use of the FAD approach for flaw stability analysis.  The finite element
method to calculate J is the “best-estimate” method to determine the instability flaw size.

Section 3 of the report describes the specific material property inputs.  The stress-strain
data are shown to be approximated by a Ramberg-Osgood equation and the material
fracture resistance curve (J-R) is expressed as a power law.  The J-integral methodology
is reported in Section 4.  The solution scheme of the CCP J-integral solution and the
curvature correction are also described.  Section 5 discusses the FAD formulations and
the approaches recommended by API 579 [7].  Section 6 compares the calculated
instability crack lengths using the J-T estimation and the FAD methodologies.  The finite
element analysis is described in Section 7.  The results were used to validate the CCP
estimation method and to construct a finite-element-based FAD.  Section 8 discusses
advanced fracture mechanics methodologies under development.  Section 9 summarizes
the conclusions.

3.0 MATERIAL PROPERTIES

The E400 heat of A285 steel was chosen for the material input to the analyses. The
tensile tests in Reference 9 followed the American Society for Testing and Materials
(ASTM) E8-99 “Standard Test Methods for Tension Testing of Metallic Materials.”  The
fracture testing [10] was based on ASTM E1820-99 “Standard Test Method for
Measurement of Fracture Toughness.”  The true stress-true strain curve along with the
Ramberg-Osgood idealization is shown in Figure 1.  The tensile test specimen was E400-
31 [9] which was tested at 80 °F with tensile axis parallel to the plate rolling direction.
The J-R curve in Figure 2 was obtained with a compact tension specimen E400-L1 [10]
tested at 70 °F.  The notch was perpendicular to the rolling direction of the plate.  The
power law fit of the J-R curve can also be found in Figure 2.  The Young’s modulus of
the material is 30,000 ksi, the 0.2% yield stress is 36.1 ksi, and the Poisson’s ratio is 0.3.
The J-R curve in Figure 2 provides JIC= 1093 in-lb/in2 and J3mm= 3567 in-lb/in2, where JIC
is the J value at crack initiation and J3mm is the J value evaluated at 3 mm crack extension
in the fracture testing.
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4.0 J-INTEGRAL METHODOLOGY

An overview of the J-integral methodology is described below.  An estimation method
for evaluating J-integral in a curved structure is discussed.  The residual stress (or other
secondary stresses) can be included in a general estimation procedure.

4.1 Flaw Stability

The fracture properties and J-R curves are normally determined by the testing methods
described in the ASTM standards.  The J-R curve represents the material resistance of
ductile crack growth and the test data are typically fit with a power law expression:

J = C(∆a)m (1)

where C and m are curve fitting parameters (Fig. 2).

The tearing stability of the material is characterized by the tearing modulus (T) which is
proportional to the slope of the J-R curve (dJ/da) and is defined as

da
dJ

σ
ET 2

o

=

where J is the value of J-integral, σo is the 0.2% yield stress, and E is the Young’s
modulus.  Instability flaw lengths are evaluated based on the loading conditions of the
structural component and are determined by an elastic-plastic J-integral or J-T analysis.
The crack growth (J ≥ JIC) is stable if T < TR, where TR is the tearing modulus of the
material.  The intersection point of the applied J-T curve and the material J-T curve will
define the stable crack growth limit [15,16].  This procedure is schematically shown in
Figure 3.
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Figure 3.  Determination of Instability Crack Length with J-T Methodology

4.2 Cut-off for J-controlled Crack Growth

The designs of specimens for J-R fracture property testing ensure a certain amount of
stable crack growth can be obtained.  Typically, the specimens do not generate data to the
point where unstable crack growth begins.  Therefore, extrapolation of the data could be
made to determine the flaw instability (Fig. 4).  However, a conservative approach is to
“cut-off” the material toughness data and to apply that cut-off value in the flaw stability
analyses [17].

Figure  4.  Extrapolation of Material J-T Curve to Intersect Applied J-T Curve
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A typical J-T calculation for an axial crack in a tank is seen in Figure 5 which shows no
intersection point can be achieved, unless the material J-T curve was extrapolated
extensively.  Under these circumstances, a cut-off J value at 3 mm crack extension [10]
may be conservatively used (rather than extrapolating to a much higher J value) to
determine the instability crack length.  The design of the fracture testing specimen has
allowed valid data up to approximately 3 mm extension in crack length [10].
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Figure 5.  Typical J-T Curves for Determining Instability Crack Length

The JIC (J at crack initiation) was also used for estimating the instability crack length.  In
this case no credit was taken for the stable crack growth expected in ductile materials.

4.3 J-Integral Estimation Method

Prior to the J calculation and a curvature correction, the correspondence between the
geometry of a center-cracked panel (CCP) and a cylindrical body containing an axial
crack is shown in Figures 6 (a circumferential crack can be treated similarly [12-
14,18,19]).  This Section describes the details for estimating J-integral in a finite sized
CCP.
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The material constitutive equation utilizes the Ramberg-Osgood power law idealization:

ε
εo

 = σ
σo

 + α σ
σo

n
(2)

where σo is a reference stress or the 0.2% yield stress, εo is σo/E, E is the Young’s
modulus of the material, α is the yield offset, and n is the hardening exponent.  Both α
and n are obtained from curve fitting of the tensile test data.  Figure 1 shows the true
stress-true strain curve and the Ramberg-Osgood fit for the present analysis.

The CCP solution was originally developed for a tensile crack in a finite plate.  The
general expression for J has an elastic portion (Je) and a plastic portion (Jp):

1n
o

2
oe

p
e

e ]P/P)[n,a(Ĵ]P/P)[a(Ĵ)P,n,a(J)P,a(JJ ++=+= (3)
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where 2a is the crack length, 2ae is the adjusted crack length, P is the applied load, Po is a
reference load or the limit load for the cracked configuration, and Ĵ  is a function of crack
length and the material hardening exponent (n).

For a Ramberg-Osgood material (Eq. 2) obeying deformation theory of plasticity, Shih
and Hutchinson [11] showed that

J
σoεoa(1-a/b)

 = ψ P
Po

2g1
aeff
b

 , n=1  + α P
Po

n+1g1
aeff
b

 , n
. (4)

Therefore, its elastic portion is

Jel
ccp = ψ σoεo a(1-a/b) P

Po

2g1
aeff
b  , n=1

and the plastic portion is

Jpl
ccp = α σoεo a(1-a/b) P

Po

n+1g1
aeff
b

 , n
,

where a is the half crack length, b is the half specimen width (Fig.6),

εo = σo / E ,

aeff = a + ϕ ry , P≤Po 
†

aeff = aeff P=Po , P>Po ,

ϕ = 1
1 + P/Po

2  ,

Po = 2(b-a)σo is the lower bound limit load,

P = 2bσ∞ is the applied load corresponding to a remote stress σ∞ ,

ry = 1
2π

 n - 1
n + 1

 KI
σo

2
 = a

2π
 n - 1
n + 1

 1 - a
b

 P
Po

2g1
a
b

 , 1  for plane stress, and

ψ = aeff
a  b - a

b - aeff  .
                                                
† This equation is a modification of the one that originally appeared in Reference 11 by introducing a
parameter ϕ which was proposed in "Fully Plastic Crack Solutions, Estimation Scheme, and Stability
Analyses for the Compact Specimen," by V. Kumar and C. F. Shih, in Fracture Mechanics: Twelfth
Conference, ASTM STP 700, American Society for Testing and Materials, 1980, pp. 406-438.
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For the A285 Grade B carbon steel, the tensile properties were obtained from an E-400
heat specimen [9].  The Ramberg-Osgood exponent n is 5 and the yield offset α is 3.2
(Fig. 1).  Therefore, the values for g1(a/b, n=5) can be calculated according to the
procedure described in Reference 11:

a/b g1(a/b, n=5)
0 7.515

1/8 4.518
1/4 3.195
1/2 1.811
3/4 1.208
1 0.835

4.4 Curvature Corrections

A curvature correction is applied to estimate the J-integral values for the through-wall
flaws in the sidewall of a tank.  In the linear elastic fracture mechanics, the stress
intensity factor (K) of a crack is usually expressed in a general form K =Y σ πa , where
σ is the applied stress and Y is a function of crack size and specimen dimensions.  In the
linear elastic regime, J ∝ K2.  The curvature correction factor, for estimating J-integral of
a crack in a curved structure based on a corresponding infinite flat plate solution with the
same crack length, is therefore Y2.

The curvature correction factors for a tank or a pipe can be obtained with handbook
solutions, such as Reference 20 by Erdogen, and Reference 21 by Rooke and Cartwright.
The solutions provided by Tada et al. [22] are simpler to use and the solutions are more
representative in some cases.  For an axial (longitudinal) crack, the solution in Reference
22 is used.  The stress intensity factor of an axial crack with length 2a subjected to a hoop
stress σH in a cylinder with mean radius R and thickness t is

KI = σH πa Y(λ),

where  λ = a
Rt

 ,

Y(λ) = 1 + 1.25 λ2   for  0 < λ ≤ 1,

and
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Y(λ) = 0.6 + 0.9 λ,  for  1 ≤ λ ≤ 5.

In this case the curvature correction factor for the J-integral of an axial or a longitudinal
crack is Y2.

4.5 General Procedure for Combining J-integral Contributions

The J-integral is typically calculated with only the primary loads acting on the structural
component.‡  However, a procedure commonly used to readily combine the secondary
stress and/or residual stress contributions to the J-integral was developed previously [12-
15].  This procedure is summarized in the following:

(1) For a given applied stress, calculate the CCP solution of Shih and Hutchinson [11] for
various crack lengths.  The J-integral (Jccp) is composed of an elastic portion (Jel

ccp)
and a plastic portion (Jpl

ccp
), that is, Jccp = Jel

ccp + Jpl
ccp .

(2) The plastic zone size correction (or small scale yielding correction) is applied to Jel
ccp.

(3) The CCP solution is corrected for the curvature of the shell or cylindrical structure.
The approximated J-integral values for cracks in a tank ( Jel

cur and Jpl
cur

 ) are
Jel

cur =Y2 Jel
ccp  and  Jpl

cur =Y2 Jpl
ccp, respectively.

(4) The contributions of the stress intensity factor (K) from the other sources, such as the
thermal stress or the residual stress, can be combined in the sense of linear elastic
fracture mechanics.  The elastic portion of J-integral (Jel

cur) in (3) above is first
converted to KI

appl  : the Mode I stress intensity factor due to the applied load is
KI

appl  = E Jel
cur under plane stress condition.

(5) Note that KI
res (stress intensity factor due to the residual stress) is saturated to a

maximum value when the crack is extended in length only a fraction of the plate
thickness [23,24].  Therefore, the residual stress of this type is not subject to
curvature correction.  A series of numerical solutions for the stress intensity factors
were obtained by simulating the welding process and taking into consideration the
effect of residual stress redistribution as a result of crack growth [24-26].

(6) The total elastic portion of J is calculated as ( )2res
max

appl
I

e KK
E
1J += .

(7) The plastic portion of J remains unchanged, that is, cur
pl

p JJ = .

(8) Finally, the total J-integral at the crack tip is pe JJJ += .

It is noted that a similar combination scheme involving the conversion between the J-
integral and the stress intensity factor (K) was adopted in API 579 (Section 9.4.3 of [7]).
This conversion , such as those used in (4) and (6) above, is strictly valid when the
                                                
‡ To calculate the J-integral accurately, a rigorous finite element analysis would be performed to
simultaneously combine all the stresses including the residual stress.  This is not done in practice due to the
intensive modeling time required.
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material is linear elastic.  This has also been recognized by API 579 Appendix F.4.2.1
[7]: “For most materials and structures covered by this document, it is possible to
measure toughness only in terms of J and CTOD; valid KIC data can only be obtained for
brittle materials or thick sections.”  The stress intensity factor at crack initiation, KIC, is
commonly referred to the fracture toughness of the material.  Under plane strain small
scale yielding conditions, the equivalent fracture parameter converted from the J-R data
is denoted by KJC.

4.6 Results of J-T Approach

The calculated instability crack length can be plotted as a function of the applied stress.
The results of both Type I and II tanks are presented in Figure 7.  Two fracture criteria
were considered (Jcrit = JIC for crack initiation and Jcrit = J3mm for taking advantage of
material capability of ductile tearing).  It is seen in Figure 7 that the difference between
the instability crack lengths in the Type I and II tanks diminishes as the load increases.
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Figure 7.  Instability Crack Lengths Determined with J-T Methodology

5.0 FAILURE ASSESSMENT DIAGRAMS (FAD)

The failure assessment diagram (FAD) is a crack growth resistance curve plotted in Lr
(abscissa) and Kr (ordinate) space [16].  When the assessment point is below this curve,
the crack is stable.  In the nondimensional Lr-Kr coordinate system, the stress ratio Lr is
defined as the ratio of the applied load (P) to a reference load (Po); and Kr and Jr are the
ratios of elastic force to the resisting force:
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Lr = P/Po (5)

Kr= K(a, P)/KR(∆a) (6)

Jr = Je(a, P)/JR(∆a) (7)

where K is the stress intensity factor at the tip of a crack, and KR is related to JR as
2
RK (∆a) = E’ JR(∆a).  This relation is strictly valid for linear elastic deformation or under

small scale yielding conditions.  The elastic portion of J-integral, Je, is the elastic crack
driving force and can be written as Je = K2/E’.  In these expressions, E’= E for plane
stress, E’= E/(1-ν2) for plane strain, and ν is the Poisson’s ratio.  Under these
circumstances, Kr and Jr are related by

2
rK (a, P, ∆a) = Jr (a, P, ∆a) (8)

5.1 Original FAD

The original formulation for the FAD is based on the Dugdale solution [27] or the strip
yield model.  That is
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where ∞σ  is the remote applied stress.  When the stable crack growth occurs, it is
required that J= JR, which is on the J-R curve.  Therefore, the FAD curve becomes
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In the strip yield model of FAD, the reference load is the yield stress of the material.  For
a given crack with length 2a and tensile load P, the assessment point in the FAD can be
calculated with Eqs. 5-8.  If the point is below the curve defined by Eq. 10, the crack is
stable.  If the point is located above the FAD, unstable crack growth is predicted.  The
original formulation of FAD is fully consistent with the J-integral approach when the
plastic zone is limited to a line segment ahead of the crack tip (strip yield or cohesive
zone model) and the surrounding material remains linear elastic.
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5.2 J-Based FAD

A more general formulation of FAD can be constructed with the J-integral estimation
scheme [11, 28].  Under the J-controlled crack growth and small scale yielding
conditions, the fracture criterion J(a, P) = JR(∆a) leads to [29]

2
rr1n

rn
2
re

2
r KJ

LHLH
L

==
+ + (11)

where )a(Ĵ/)a(ĴH ee =  and )a(Ĵ/)n,a(ĴH n = .  The function Ĵ  has been defined in
Eq. 3.  In this case, the reference load used to define Lr should be consistent with that
used in the J estimation scheme, and it may depend on the crack length.

This example shows that, in general, the J-based FAD is a function of crack size.  It is no
longer a single curve as defined by Eq. (10).  More specifically, the FAD based on the J
estimation scheme depends on the crack length (2a), material hardening exponent (n),
type of loading (Eq. 3), and the type of deformation (plane stress or plane strain).  As the
flaw propagates, a new FAD should be constructed, unless it is judged that the crack
increment is small enough not to cause a significant change in the shape of the FAD.
Therefore, a family of failure assessment diagrams must be constructed with respect to
each crack length.

It appears that the FAD approach based on the elastic-plastic J-integral (e.g., Eq. 11) may
become more complex and cumbersome when the material-specific curves are to be used
[29].  Similar information on flaw stability can be obtained in straightforward approaches
such as the J-integral-tearing modulus (J-T) methodology.  However, the family of failure
assessment curves may be shown to collapse to a single curve by selecting a particular
reference load [7,30].  This will be demonstrated in Section 7.4.

5.3 API Recommended FAD Approaches

The FAD methodologies recommended in API 579 Level 3 Analysis were followed to
construct the failure assessment curves.  Figure 8 contains various failure assessment
curves that include 1) original FAD based on strip yield model; 2) API general FAD
(Method A); 3) API material-specific FAD (Method B); 4) API finite element FAD
(Method C); and 5) two additional curves for idealized Ramberg-Osgood materials.  The
instability crack lengths are obtained by increasing the crack length under a specific hoop
stress until the assessment locus intersects the FAD.  The assessment points can be
determined by the guidelines in API 579 Section 9, Appendices B, C, and D [7].
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Figure 8.  API 579 Recommended Failure Assessment Diagrams

5.4 Determination of Instability Crack Length Based on FAD

Figure 9 is used to illustrate the process of obtaining an instability crack length for a
given load (or hoop stress in this report).  Two load cases are used for demonstration: 6
ksi and 18 ksi. The crack length is increased incrementally until the assessment locus
intersects the FAD.  The calculation procedure for the (Lr, Kr) coordinates of the
assessment point can be found in API 579 [7].  The crack length corresponding to the
intersection point is the instability crack length under that applied load (or stress).  Figure
9 shows the instability crack lengths (66.4 and 20.2 inches, respectively) determined by
the general FAD (API 579 Level 3 Method A Assessment) [7].  Similarly, if a material-
specific FAD is used (also see Figure 9), the instability crack length is then obtained by
API 579 Level 3 Method B Assessment [7].  It is clear that at these two loading levels,
the instability crack lengths determined with the material-specific FAD are longer than
those obtained by the general FAD.
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Figure 9.  Determination of Instability Crack Length using FAD Approach

Another FAD approach for determining the instability crack length is suggested by API
579 Level 3 Method D Assessment [7].  It is appropriate for materials which exhibit
ductile tearing and the experimental J-R curves are available.  The assessment locus uses
the J values on the J-R curve (depending on the amount of crack extension) that produces
a fishhook shape as seen in the inset of Figure 10.  However, if the J-R curve is cut off for
practical reasons, as the J3mm in the present J-T analysis, this type of FAD analysis is
identical to the standard procedure with criter J/JK = , in which Jcrit is a constant and is
set to the value of J3mm.  This is demonstrated in Figure 10.  The end points of the
“fishhooks” lie on the assessment locus defined by Jcrit = J3mm and the instability crack
length is where the end point (tangent) lies on the FAD.  This is equivalent to the result
for the intersection of the assessment locus and the FAD (see Figure 9).
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6.0 COMPARISON OF THE INSTABILITY CRACK LENGTHS

The instability crack lengths determined by J-T and by FAD fracture methodologies are
listed in Table 3 ( a subset of Table 1) and Table 4 (same as Table 2) and are plotted in
Figures 11 to 14.  It can be seen that when the applied stress is low, the crack instability
lengths based on J-T are greater than those determined by FAD, as expected, since the FAD
approach generally provides a conservative assessment of flaw stability.  However, when
the loading is near the yield stress of the material, the results of FAD may overestimate the
instability crack length predicted by the J-T method.  Note that the J-integral used in the J-
T approach in this section was determined by an estimation method based on CCP solution
with a curvature correction (Section 4).  The finite element method was used in Section 7
of this report to obtain accurate J-integrals for validating the estimated results.  It is an
industry standard to use approximations or estimation schemes to assess the J-integrals
because the finite element method involves building finite element models to analyze
cracks in a specific structural configuration and under specific loading conditions.  Typical
J-integral estimation schemes can be found in Electric Power Research Institute (EPRI)
publications [e.g., 28], with which the CCP solution [11] shares the same technical basis.
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Table 3.  Instability Crack Lengths for Type I Tank Geometry (inches)

Jcrit=JIC Jcrit=J3mm

σappl CCP
J-T

FAD:
API

FAD:
σ-ε

FAD:
R-O

CCP
J-T

FAD:
API

FAD:
σ-ε

FAD:
R-O

6 ksi
(σo/6)

74.0 66.4 68.0 61.8 118.0 104.0 110.0 96.0

12 ksi
(σo/3)

39.7 33.0 35.0 29.0 64.2 49.6 55.0 43.2

18 ksi
(σo/2)

23.1 20.2 22.0 17.0 40.0 29.4 32.0 25.8

24 ksi
(2σo/3)

11.4 12.8 15.0 10.2 23.8 18.8 18.6 16.8

30 ksi
(5σo/6)

4.6 7.4 8.8 5.8 12.4 11.8 8.6 10.8

36ksi
(≈σo)

1.8 3.6 2.2 3.0 5.6 6.6 5.8 6.8

Table 4.  Instability Crack Length for Type II Tank Geometry (inches)

Jcrit=JIC Jcrit=J3mm

σappl CCP
J-T

FAD:
API

FAD:
σ-ε

FAD:
R-O

CCP
J-T

FAD:
API

FAD:
σ-ε

FAD:
R-O

6 ksi
(σo/6)

82.4 73.2 74.9 68.8 131.7 118.2 124.1 109.2

12 ksi
(σo/3)

43.9 36.6 39.2 32.4 71.3 56.0 61.8 48.6

18 ksi
(σo/2)

25.0 22.6 24.9 18.8 44.1 33.6 39.9 29.0

24 ksi
(2σo/3)

11.8 14.0 16.9 11.0 25.7 21.4 22.5 18.6

30 ksi
(5σo/6)

4.6 8.0 10 6.2 12.9 13.4 11.0 12.0

36ksi
(≈σo)

1.8 3.8 2.4 3.2 5.7 7.4 6.2 3.6



WSRC-TR-2000-00478 November 2000
page 20 of 36

Type I Tank
 Jcrit = JIC

0

10

20

30

40

50

60

70

80

0 10 20 30 40 50 60 70 80 90 100

Applied Stress / Yield Stress (%)

In
st

ab
ili

ty
 C

ra
ck

 L
en

gt
h 

(in
.) J-T with Ramberg-Osgood Material

API eq. 9.46 General FAD
API eq. 9.29 Material Specific FAD
R-O Material Specific FAD

Figure 11.  Comparison of Predicted Instability Crack Length with Jcrit=JIC
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Figure 13.  Comparison of Predicted Instability Crack Length with Jcrit=JIC
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The same conclusion can be drawn from Figures 15 and 16.  In these figures, the J-
integral is normalized by tσo and the instability crack length (acrit) is normalized by the
plate or shell thickness (t).  The comparisons are made between the J-T crack lengths and
the FAD crack lengths assessed from two Jcrit values (JIC and J3mm, respectively).  It can
be seen that the FAD solutions are not always conservative with respect to the J-T
solution.  For example, in Figure 15 (Type I tank) when the applied stress is 2/3 of the
yield stress and JIC is used as the fracture criterion, both failure assessment diagrams (the
general FAD and the material-specific FAD) show higher crack lengths than the J-T
results.  When J3mm is chosen for the fracture criterion, FAD results are mostly
conservative, especially when the material-specific FAD is used.  Similar observations
are described in Reference 16.
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Figure 16.  Comparison of Predicted Instability Crack Lengths from J-T and FAD
for Given Jcrit in Type II Tanks

7.0 FINITE ELEMENT VALIDATION

The finite element method was used to assess the degree of validity of the CCP solution
with curvature correction (Section 4).  In addition, the numerical results were used to
construct failure assessment diagrams based on API 579 recommendation [7] and to
establish equivalency between J-T and FAD fracture methodologies.
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7.1 Finite Element Modeling

The Type I waste tank (75 feet in diameter, 24.5 feet in height, and 0.5 inches in wall
thickness) was used as a typical geometry in the analyses.  A through-wall axial crack is
assumed to exist in the mid-tank location.  Due to symmetry, only a quarter of the tank is
modeled as shown in the overall finite element mesh in Figure 17.  This model contains
1893 eight-noded shell elements (ABAQUS [31] Element Type S8R5) and 5880 nodes.
It was optimized to accommodate five crack configurations (crack lengths: 10, 20, 30,
40,and 50 inches).  This allows separate analysis be performed for each crack size with
the same finite element mesh; only the boundary conditions were modified for the
respective crack length.  The finite elements were heavily refined in the cracked region
and highly concentrated near the crack tips.  Around each crack tip, at least five J-integral
contour integrations could be performed (Fig. 18).  In general, the J-integral value from
the first contour is inaccurate.  The J-integrals reported in this report were the average of
the rest of the four contour integral values.

Figure 17.  Finite Element Mesh for Type I Waste Tank Containing an Axial Crack



November 2000 WSRC-TR-2000-00478
page 25 of 36

Figure 18.  Near Crack Tip Mesh Design and a Typical Deformed Shape

The tank material is A285 Grade B and its tensile properties were determined in
Reference 9.  Two material responses were used: 1) actual stress-strain test data (Fig.1)
with incremental plasticity; and 2) Ramberg-Osgood stress-strain law (see Fig. 1, n=5.0,
α=3.2) and deformation plasticity.  The uniform hoop stress was generated by imposing
internal pressure to the tank wall.  Note that the ABAQUS shell element formulation
excludes the pressure loading to the J-integral calculation, but all the in-plane stresses are
included. That is, the local bending caused by the bulging of the flawed area resulted
from the internal pressure is ignored.  However, this is exactly the case in the present
analysis, which compares the instability crack lengths for an axial crack under hoop stress
only. The typical deformation near a crack tip is also shown in Figure 18.

7.2 Accuracy of the CCP Solution

A linear elastic solution with E= 30,000 ksi, σo= 36.1 ksi, and ν= 0.3 was performed with
the finite element model shown in Figure 17.  The J-integral obtained in this analysis is
the elastic portion of the J-integral which is proportion to the square of the applied stress.
This quantity can be compared with the curvature-corrected first term of the CCP
solution (see Section 4):
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where the symbols can be found in Section 4.3 and Y is an appropriate curvature
correction factor calculated according to Section 4.4.  It can be seen in Figure 19 that the
estimated (labeled with CCP) and the finite element (labeled with FEA) solutions agree
very well.
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Figure 19.  Comparison of the Elastic Portion of the J-integral Solutions

The total J-integral was also calculated for elastic-plastic deformation.  Two constitutive
formulations were used.  To be closely compare to the estimated solution (CCP), the
same Ramberg-Osgood stress-strain law (Fig. 1) was input to the finite element code [31]
and the mechanical response was calculated with the deformation theory of plasticity.
The finite element results based on this formulation are labeled as “FEA R-O” in the
subsequent figures.  alternatively, stress-strain data (Fig. 1) from material testing [9]
could also be input to the finite element code.  This type of elastic-plastic analysis
employs the incremental theory of plasticity.  The results are labeled with “FEA el-pl” in
the figures.  The values of total J-integral obtained from the estimation method (CCP)
and from the finite element analyses (FEA R-O and FEA el-pl) are plotted in Figure 20.
As expected, under low applied stress levels and for small crack length configurations, all
the solutions are very similar.  In addition, it shows a well-known trend that the
incremental plasticity predicts a more rigid material response.  The discrepancy among
the solutions increases as either the applied hoop stress or the crack length increases.  The
J-integrals calculated with the CCP estimation method are very close to those based on
incremental plasticity (Fig. 20), especially in cases where the applied stress is less than 18
ksi (50% of the 0.2% yield stress).
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7.3 Comparison of the Instability Crack Lengths

Figure 20 was used to obtain the finite-element-based instability crack lengths using the
J-T fracture methodology with the critical J values (Jcrit) set to JIC (1093 in-lb/in2 [10])
and to J3mm (3567 in-lb/in2 [10]), respectively.  Some instability crack lengths under high
applied stress required extrapolation because the finite element mesh (Figs. 17 and 18)
was not explicitly designed for cracks less than 10 inches long.  Table 5 (same as Table
1) summarizes the instability crack lengths resulted from all the fracture methodologies in
this study for the Type I waste tank configuration.  The graphic representations of Table 5
are show in Figure 21 for Jcrit= JIC and in Figure 22 for Jcrit= J3mm.
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Table 5.  Instability Crack Lengths based on Various Fracture Methodologies
(Type I Tank)

Summary of Type I Tank Instability Crack Lengths (inches)
Jcrit=JIC Jcrit=J3mm

σappl
(ksi)

J-T
CCP
R-O

J-T
FEA
R-O

J-T
FEA
σ-ε

FAD

API

FAD

σ-ε

FAD

R-O

J-T
CCP
R-O

J-T
FEA
R-O

J-T
FEA
σ-ε

FAD

API

FAD

σ-ε

FAD

R-O
6 74.0 67.0 71.0 66.4 68.0 61.8 118.0 110. 114. 104. 110. 96.0

12 39.7 32.8 38.0 33.0 35.0 29.0 64.2 47.5 56.8 49.6 55.0 43.2
18 23.1 19.0 24.8 20.2 22.0 17.0 40.0 30.1 36.9 29.4 32.0 25.8
24 11.4 10.0 16.7 12.8 15.0 10.2 23.8 19.1 24.4 18.8 18.6 16.8
30 4.6 4.6 10.0 7.4 8.8 5.8 12.4 10.8 16.3 11.8 8.6 10.8
36 1.8 4.0 7.4 3.6 2.2 3.0 5.6 6.4 6.7 6.6 5.8 6.8
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Figure 21. Type I Tank Instability Crack Lengths Resulted from Various Fracture
Methodologies when Jcrit = JIC.



November 2000 WSRC-TR-2000-00478
page 29 of 36

0

20

40

60

80

100

120

140

0 5 10 15 20 25 30 35 40

Applied Stress (ksi)

In
st

ab
ili

ty
 C

ra
ck

 L
en

gt
h 

(in
.)

J-T CCP R-O
J-T FEA R-O
J-T FEA el-pl
FAD API Method A
FAD API Method B: stress-strain curve
FAD API Method B: R-O curve

Type I Tank
Jcrit = J3mm
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Methodologies when Jcrit = J3mm

7.4 Finite-Element-Based Failure Assessment Diagrams

Similar to the FAD formulations with the strip yield model [27] or with the J-integral
estimation scheme [29], the FAD can be constructed numerically with the finite element
method.  In general, the J-based FAD is crack length-dependent.  The simplicity of the
strip yield FAD [27] (a single curve in the Lr-Kr space) is lost as discussed in Sections 5.1
and 5.2 of this report.  However, it was found that a reference stress could be properly
chosen so that the FAD may be insensitive to the crack length.  The procedure is
described in API 579 Appendix B [7] and also in References 30 and 32.

As discussed earlier, the coordinates of the FAD (Kr and Lr) are defined as 
J
JK

e

r =

and 
ref

r P
PL = , where Je is the elastic portion of J and can be obtained by an elastic

analysis (Fig. 19), J is the total J-integral (Fig. 20) which is the sum of its elastic portion
and the plastic portion, P is the applied load (or stress), and Pref is the reference load (or
stress).  For each flaw configuration, Pref is calculated according to
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With this crack length-dependent Pref (Fig. 23), the finite-element-based failure
assessment diagrams can be collapsed to roughly a single curve for each of the two
families of curves as demonstrated in Figure 24.  Note that in Figure 24, the coordinates
of the common point for all the curves have been determined by Eq. 12.

0

5

10

15

20

25

30

35

0 5 10 15 20 25 30 35 40 45 50 55

Crack Length (inch)

R
ef

er
en

ce
 S

tr
es

s 
(k

si
)

Using actual stress-strain data and incremental plasticity

Using Ramberg-Osgood idealization and deformation plasticity

Type I Tank

Figure 23.  Crack Length-Dependent Reference Loads for Type I Tank
with an Axial Flaw

Two families of curves can be seen in Figure 24: one was obtained with the Ramberg-
Osgood power law (Eq. 2 or Fig. 1) and using the deformation plasticity; and the other
was obtained by inputting stress-strain test data (Fig. 1) and employing the incremental
plasticity.  A typical FAD from each group in Figure 24 was selected and plotted in
Figure 8, Section 5.3, along with the other failure assessment diagrams.  It can be seen in
Figure 8 that these three failure assessment diagrams are almost on top of each other: 1)
the Dugdale strip yield model [27]; 2) the Equation 9.46 in the API 579 First Edition [7]
for Level 3 Method A Assessment (or CEGB R6 Option 1); and 3) the finite element
results with the actual stress-strain curve for the API 579 Level 3 Method C Assessment
[7].  Because of this similarity, the instability crack lengths based on the finite element
FAD were not calculated.  It is expected that the above conclusions are also valid for
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Type II tanks.  Therefore, the finite element analysis for Type II tank configuration was
not performed.
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Figure 24.  Finite-Element-Based Failure Assessment Diagrams

7.5 Software QA Control

The ABAQUS finite element software code [31] has been used in the validation analyses.
This software code meets the Savannah River Site (SRS) QA requirements (1Q,QAP 20-
1) [33].  The Information Technology Department at the SRS is responsible for
installation and maintenance of this code on the SRS UNIX systems.  The Engineering
Development Section of Savannah River Technology Center (SRTC) is the software
custodian and is responsible for distributing the error reports from the vendor (Hibbitt,
Karlsson & Sorensen, Inc.) to the SRS users.  There are no errors affecting the analyses
in this report.  The input files for the analyses have been archived for permanent storage.

8.0 FRACTURE METHODOLOGY REFINEMENT

The fracture toughness of a material is known to be test specimen size-dependent.  For
deep cracks, the plastic zone at the tip of the crack is limited by the specimen uncracked
ligament.  However, for short or shallow cracks the plasticity is relatively unconstrained.
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In general, the testing of high constraint specimens yields lower J-R curves that would
result in shorter instability crack lengths.  In the SRS waste tank configurations, most of the
flaws are less constrained than the mechanical test specimens (e.g., ASTM compact tension
specimens).  Therefore, the prediction of instability crack length with the fracture
toughness based on the ASTM plane strain specimens may be overly conservative.

More accurate fracture toughness or J-R curves can be obtained by identifying an
additional fracture parameter based on the constraint theories of fracture mechanics.  To
determine the additional parameter, finite element analyses of the specimens and the large
structure (e.g., waste tank) with a flaw should be performed.  Specimens with various crack
lengths are tested to establish the functional dependence of the J-R curves on the additional
fracture parameter.  For example, Reference 34 used a J-A2 theory [35-37] (A2 is the
additional fracture parameter characterizing the constraint level) and showed that the
experimental J-R curves [38] with different initial crack lengths could be predicted.

A similar approach using three-point bend specimens as the test specimen design for the
SRS waste tank structural integrity has been adopted.  The J-R curve will be expressed as a
function of A2.  To ensure the transferability of the fracture toughness from the laboratory
specimens to the actual waste tanks, the parameter A2 for the tank geometry will be
determined by the finite element method.  This project is being performed under the 2000-
2001 SRTC Strategic Research and Development Program.

The FAD approach can also be modified to include the additional fracture parameter [39-
41].  It is expected that the constraint-based fracture methodologies would provide more
realistic predictions of the instability crack length.  Because the material resistance to
cracking is higher in the less constrained configuration of a tank than in the laboratory test
specimens, a longer instability crack length should be predicted.

9.0 DISCUSSION AND CONCLUDING REMARKS

• The finite element method provides the most accurate J-integral solution for the
structural components containing flaws under service loads.

• Comparing the J-integral solution from the finite element analysis with the actual
tensile property input, the CCP approximation with a curvature correction was shown
to be accurate for crack length less than 30 inches and under hoop stress loading up to
about ½ of the yield stress (18 ksi) of the material.

• The predicted instability crack lengths depend on the specific FAD method.
• The FAD constructed from the finite element results (API 579 Method C Assessment)

is consistent with the original FAD based on the strip yield model and the general
FAD formulation in the API 579 Method A Assessment (or CEGB R6 Option 1).

• The ductile tearing FAD (API 579 Method D Assessment) is equivalent to a standard
FAD approach with a constant Jcrit.

• Instability crack lengths based on the FAD analysis are not always conservative with
respect to the J-T analysis using estimation methods such as the CCP approximation.

• Applying a factor of safety to the actual loads with the FAD approach might lead to a
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non-conservative estimate (with respect to the J-integral estimation methods) of the
instability flaw size.

• The FAD-based instability crack lengths are bounded by the results of the J-T method
(specified in the API 579 Method E Assessments) with accurate finite element J-
integral solutions.

• The J-T method with an accurate finite element J-integral solution will maximize the
stable crack length predicted for the waste tanks.  As a result, the tank fill limit may
be increased.

• The finite element analyses may encounter numerical difficulties for long cracks
under severe, near yield stress loading.  More accurate solutions for these extreme
conditions can be achieved by customizing the finite element mesh for each crack
length and by implementing finite strain analysis (geometry nonlinearity).

• The instability crack lengths calculated in this report will be compared to the
predictions with crack tip constraint effect built in the fracture toughness or J-R curve
when the solution is available.
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